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Shape Fitting
2: Fitting a circle

Input: P: set of n points in the plane.
Target: Find best circle fitting P
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3: Fitting a circle

Input: P: set of n points in the plane.
Target: Find best circle fitting P

a1 = d(p1, C) = mineec [lp — x||
Q2 = d(pZaC)

Op = d(pm C)
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4: Fitting a circle

Input: P: set of n points in the plane.
Target: Find best circle fitting P

ai = d(p1, C) = minkec [[p — x||
Q2 = d(pZaC)

Qp = d(pm C)

Fitting = a mapping C = a(C) =(a1, a2, ..., ay)
Quality of fitting?
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5: Different measures of quality

Fitting = a mapping C = a(C) =(a1, a2,...,ay)
Quality of fitting?
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6: Different measures of quality

Fitting = a mapping C = a(C) =(a1, a2,...,ay)
Quality of fitting?

Measures of quality of fitting

Norm of (a1, ..., ).
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7: Different measures of quality

Fitting = a mapping C = a(C) =(a1, a2,...,ay)
Quality of fitting?

Measures of quality of fitting

Norm of (a1, ..., ).

o Loo: ming ||a(C)|| ., = minc max; d(p;, C)
Min furthest point.
min width annulus
Find ring of minimum width covering P
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8: Different measures of quality

Fitting = a mapping C = a(C) =(a1, a2,...,ay)
Quality of fitting?

Measures of quality of fitting

Norm of (a1, ..., ).

o Loo: ming ||a(C)|| ., = minc max; d(p;, C)
Min furthest point.
min width annulus
Find ring of minimum width covering P

@ Li: Minimize sum of distances of points to the circle.
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9: Different measures of quality

Fitting = a mapping C = a(C) =(a1, a2,...,ay)
Quality of fitting?

Measures of quality of fitting

Norm of (a1, ..., ).

o Loo: ming ||a(C)|| ., = minc max; d(p;, C)
Min furthest point.
min width annulus
Find ring of minimum width covering P

@ Li: Minimize sum of distances of points to the circle.

@ L: Minimize sum of square distances of points to the circle.
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. Loo: Min Width Annulus

@ Extensive literature on the problem.
o Exact alg. [Agarwal and Sharir, 1996]: O(n3/2+¢)

@ Approx alg.
[Agarwal et al., 2000, Agarwal et al., 2004, Chan, 2002]:
O(n + 1/90)

@ Boils down to finding min. vertical extent between upper and
lower envelope of cones.
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11: Lj-circle fitting

Previous work

[7]: O(n2/0M),
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12: Lj-circle fitting

Previous work

[7]: O(n2/0M),

O(n + poly(%, log n))
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13: Lj-circle fitting

Previous work

[7]: O(n2/0M),

O(n + poly(%, log n))

Was open since 2000.
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14: Ly-circle fitting

Why is this problem hard?

={p1 = (x1,¥1)s- - - Pn = (Xn,¥Yn)}
c=(x,y,r)
fi(E) = fi(xa Y, r) = ‘\/(Xi - X)2 + (yi — y)2 — I"
u(©) = 2 |V —x)2+ (i —y)* - r‘

Target: Compute ming (<)
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15: Ly-circle fitting

Why is this problem hard?

={p1 = (x1,¥1)s- - - Pn = (Xn,¥Yn)}
c=(x,y,r)
fi(é) = fi(xa Y, r) = ‘\/(Xi - X)2 + (yi — y)2 — I"
u(©) = 2 |V —x)2+ (i —y)* - r‘

Target: Compute ming (<)

Extension of the Fermat-Weber function.

No closed form solution.
Not clear if related prob in NP.
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16: Connection of Li-fitting problem to Porcupines
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17: Connection of Li-fitting problem to Porcupines

Problem
How do Procupines have sex?
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18: Connection of Li-fitting problem to Porcupines

Problem
How do Procupines have sex?
Very, very carefully.
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19: Ly-circle fitting

Another way of looking on it...

pi = a cone in 3D: ~;.

Observation

Dist. between circle € = (x,y,r)
and point p;

d|(c,v): Vertical dist. € and ;

Target
Find vopt = Erg]IEI{I3 Z,: d|(c, %)

| A\

<
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20: Ly-circle fitting

Rough approx.

o= {~1,...,7n}: set of cones.

@ s: 2-approx min len. segment between up/lower envelope of
A(T).
[Agarwal et al., 2004]: linear time.

o |s| /2 < vopt < [s|n/2
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21 Ly-circle fitting

Rough approx.

o Level sets of fi(x,y,r)
Vij=(1+¢)|s|/2

° {(X, Y, Z) ’ fi(x7 Yy, Z) =Vj }
Two vertical copies of ;.

o V={Vi1,...,V1i,m,
Va1,.. 'LV"’M}'
A set of O(n) cones.

e X face of A(V):
gi(X): value est. by
set levels of f;.
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22: Ly-circle fitting
Rough approx.

Point that min. ). gi(x,y, r) defines circle which is e-approx to
Vopt-
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23: Lj-circle fitting
Rough approx.

Point that min. ). gi(x,y, r) defines circle which is e-approx to
Vopt-

Running time: 6(n3).

Can handle weighted surfaces.
Can find opt inside a prism.
Similar to [?].
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24: Ly-circle fitting
Rough approx.

Point that min. ). gi(x,y, r) defines circle which is e-approx to
Vopt-

Running time: 6(n3).

Can handle weighted surfaces.
Can find opt inside a prism.
Similar to [?].

Q: Improve running time?
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Warmup exercise

Reduction to one dimension

o I - set of cones in IR3.
Find point minimizing sum of vert. distance to cones.

e £ - vert. line
Find optimal solution on £7

oU={£ﬁ’y"y€l’}.

@ Compute one median on U...
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Warmup exercise

Reduction to one dimension

o I - set of cones in IR3.
Find point minimizing sum of vert. distance to cones.

e £ - vert. line
Find optimal solution on £7

oU={£ﬁ’y"y€l’}.

@ Compute one median on U...

Extract coreset for U.
Use it as a global construction for T.
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27 \Warmup exercise

One dimensional case - cont’d

@ Several constructions of coresets for 1-median known.

@ Do not extend to 3D... Geometric.
Need combinatorial construction.
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28: \Warmup exercise

One dimensional case - cont’d

@ Several constructions of coresets for 1-median known.

@ Do not extend to 3D... Geometric.
Need combinatorial construction.

New construction

Basic idea: Exponential distribution...

Input:
0000 0 0 0 0 0 0 000
Pick points exponentially:
00000000 O0O—0 0000

How to compute one circle to rule them all



Shape Fitting

29: One dimensional case - cont'd

Chunking

Chunking: 0000 0 e 0 00—

Problem

Partition P into subsets C1,...Cpn.
Where a chunk (=subset) C;

@ is a singleton,
@ or, there are > |C;i| /e points of P \ C;, on both sides.
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30: One dimensional case - cont'd

Chunking

Chunking: 0000 0 e 0 00—

Partition P into subsets C1,...Cpn.
Where a chunk (=subset) C;

@ is a singleton,
@ or, there are > |C;i| /e points of P \ C;, on both sides.

Assume: P = {1,2,...,n}
ro=20 h=r_1+1 = [(1+¢e/4)k]

C = {'i,li +1,...,r;}
Symmetric around middle.
# chunks = O(e ! logn).

How to compute one circle to rule them all




Shape Fitting
31: General Case
What 1D construction tells us
From every chunk select a level in the arrangement of cones.

Problem

Levels combinatorial complexity too big...
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32: General Case
What 1D construction tells us
From every chunk select a level in the arrangement of cones.

Problem

Levels combinatorial complexity too big...

Selected levels comes in paits.

What can we do if the levels are
shallow?

(n — k)th-level

kth-level

How to compute one circle to rule them all



Shape Fitting
33: General Case
What 1D construction tells us
From every chunk select a level in the arrangement of cones.

Problem

Levels combinatorial complexity too big...

Selected levels comes in paits.

What can we do if the levels are
shallow?

[Har-Peled and Wang, 2004]:
Surprise! Have small approx if
shallow.
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34: Handling “deep” levels...

Problem
How to turn “deep” levels to shallow levels?
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35: Handling “deep” levels...

Problem
How to turn “deep” levels to shallow levels?

Use random sampling...
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36: Handling “deep” levels...

Problem
How to turn “deep” levels to shallow levels?

Use random sampling...

Observation
Do not care about level as long as it is inside a chunk.

Level in random sample is:

@ inside designated chunk.

@ “shallow”.
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37: Algorithm

@ Partition levels in arrangements into chunks.

@ For each chunk generate shallow level using random sampling.
@ Approximate shallow levels.

@ Chunk = low complexity surface.

o Collect all such weighted surfaces together.

@ Use brute force alg. on arrangement of weighted patches.
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38: Conclusions

L;-Circle fitting in O(n + poly<%, log n)) time.
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39: Conclusions

L;-Circle fitting in O(n + poly<%, log n)) time.

@ Power in polylog is [20..60].
@ Works for Ly circle fitting.
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40: Conclusions

L;-Circle fitting in O(n + poly<%, log n)) time.

@ Power in polylog is [20..60].

@ Works for Ly circle fitting.

@ Works for more general L /Ly fitting problems.
e Extension of [Agarwal et al., 2004].
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41: Conclusions

L;-Circle fitting in O(n + poly<%, log n)) time.

@ Power in polylog is [20..60].

@ Works for Ly circle fitting.

@ Works for more general L /Ly fitting problems.
e Extension of [Agarwal et al., 2004].

@ Questions:

e Simplify?
o Other shapes?
e Practical algorithm?

How to compute one circle to rule them all



Shape Fitting
42: The hunt...

They sought it with thimbles, they sought it with care;
They pursued it with forks and hope;
They threatened its life with a railway-share;
They charmed it with smiles and soap.
— The Hunting of the Snark, Lewis Carroll
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