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Abstract
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on their size, close to the best known one. We then give a construction of smaller-size relative
ε-approximations for range spaces that involve points and halfspaces in two and higher dimen-
sions. The planar construction is based on a new structure—spanning trees with small relative
crossing number, which we believe to be of independent interest. We also consider applications
of the new structures for approximate range counting and related problems.
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1 Introduction

The main problem that has motivated the study in this paper is approximate range counting. In
abstract terms, we are given a range space (X,R), where X is a set of n objects and R is a collection
of subsets of X, called ranges. In a typical geometric setting, X is a subset of some infinite ground
set U (e.g., Rd), and R = {R ∩ X | R ∈ RU}, where RU is a collection of subsets (ranges) of
U of some simple shape (such as halfspaces). (To simplify the notation, we will use R and RU

interchangeably.) The goal is to preprocess X into a data structure that supports efficient queries
of the form: Given R ∈ RU , compute a number t such that

(1− ε)|X ∩R| ≤ t ≤ (1 + ε)|X ∩R|.

We refer to such an estimate t as an ε-approximate count of X ∩R.
The motivation for seeking approximate range counting techniques is that exact range counting

is expensive. For instance, consider the classical halfspace range counting problem [Mat92], which is
the main specific problem studied in this paper. Here, for a point set of size n in Rd, for d ≥ 2, the
best known algorithm for exact halfspace range counting with near-linear storage takes O(n1−1/d)
time [Mat92]. As shown in several recent papers, faster solutions exist, for the approximate case, in
which the query time is close to O(n1−1/bd/2c) [AH05, AH06, AS06, KS06, KRS06]. In particular,
the paper [AS06] uses constructs of the kind studied in this paper.

Notice that the problem becomes more challenging as the size of X ∩ R decreases. At the
extreme, when |X ∩R| < 1/ε, we must produce the count exactly. In particular, we need to be able
to detect (without any error) empty ranges, i.e., those satisfying X ∩ R = ∅. Thus approximate
range counting (in the sense defined above) is at least as hard as range emptiness detection.

We make the standard assumption that the range space (X,R) (or, in fact, (U,RU )) has finite
(i.e., independent of n) VC-dimension δ which is indeed the case in many geometric applications;
see [Cha01, HW87, Mat99, PA95] for definitions and more details.

Epsilon-approximations. A standard and general technique for tackling the approximate range
counting problem is to use ε-approximations. An (absolute-error) ε-approximation for (X,R) is a
subset A ⊂ X such that, for each R ∈ R,∣∣∣∣ |A ∩R|

|A|
− |X ∩R|

|X|

∣∣∣∣ < ε. (1)

As shown by Vapnik and Chervonenkis [VC71] (see also [Cha01, Mat99, PA95]), there always exist

absolute-error ε-approximations of size
cδ

ε2
log

δ

ε
, where c is an absolute constant. As a matter

of fact, any random sample of these many elements of X is an ε-approximation with constant

probability. Moreover, such a sample of size
cδ

ε2
log

δ

ε
+

c

ε2
log

1
q

is an ε-approximation with prob-

ability at least 1 − q, for a sufficiently large constant c. Therefore, to guarantee success with high
probability, i.e., with probability of failure at most 1/nO(1), one needs to choose a sample of size
cδ

ε2
log

δ

ε
+

c′

ε2
log n = O

(
1
ε2

log n

)
. Approximations of size O

(
δ

ε2
log

δ

ε

)
can be constructed in de-

terministic time O(δ)3δ(ε−2 log δ
ε)

δn [Cha04]. In fact, there always exist smaller (absolute-error)
ε-approximations, of size

O

(
1

ε2−2/(δ′+1)
logc−1/(δ′+1) 1

ε

)
,
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where δ′ is the exponent of either the primal shatter function (and then c = 2) or the dual shatter
function of the range space (X,R) (and then c = 1); see [Cha01, Cha04, MWW93]. The time to
construct these improved nets is roughly the same as above for the dual case. For the primal case
the proof is only existential.

In this paper, we consider a variant of this classical structure, which provides relative-error
approximations. Ideally, we want a subset A ⊂ X such that, for each R ∈ R,

(1− ε)
|X ∩R|
|X|

≤ |A ∩R|
|A|

≤ (1 + ε)
|X ∩R|
|X|

. (2)

This “definition” suffers however from the same syndrome as the definition of approximate range
counting; that is, as |X ∩ R| shrinks, the absolute precision of the approximation has to increase.
At the extreme, when A ∩ R = ∅, X ∩ R must also be empty; in general, we cannot guarantee
this property, unless we take A = X, which defeats the entire purpose of using small-size ε-
approximations to speed up approximate counting.

For this reason, we refine the definition as follows: a relative (p, ε)-approximation is a subset
A ⊂ X that satisfies Eq. (2) for each R ∈ R with |R| ≥ pn, where 0 < p < 1 is another fixed

parameter. It is known (see [LLS01]) that there exist subsets with this property of size
cδ

ε2p
log

1
p
,

where c is an absolute constant. As a matter of fact, any random sample of these many elements of X
is a relative (p, ε)-approximation with constant probability. To guarantee success with probability

at least 1 − q, one needs to sample
c

ε2p

(
δ log

1
p

+ log
1
q

)
elements of X, for a sufficiently large

constant c [LLS01].
To appreciate the above bound on the size of relative (p, ε)-approximations, it is instructive

to observe that, for a given parameter p, any absolute error (εp)-approximation A will approxi-
mate “large” ranges (of size at least pn) to within relative error ε, as is easily checked, so it is a
relative (p, ε)-approximation. However, the Vapnik-Chervonenkis bound on the size of A, namely,
cδ

ε2p2
log

δ

εp
, is larger by roughly a factor of 1/p than the bound of [CKMS06, LLS01] stated above.

The existence of a relative (p, ε)-approximation A provides a simple mechanism for approximate
range counting: For a range R, count A∩R exactly, say, by brute force in O(|A|) time, and output
|A∩R| · |X|/|A| as an ε-approximate count of X∩R. However, this will work only for ranges of size
at least pn. Aronov and Sharir [AS06] show that an appropriate incorporation of relative (p, ε)-
approximations into standard range searching data structures yields a procedure for approximate
range counting that works, quite efficiently, for ranges of any size.

Our results. In this paper, we present several constructions and bounds involving relative (p, ε)-
approximations. We first give an alternative construction of general relative (p, ε)-approximations,
which follows the standard discrepancy-based construction of absolute-error (p, ε)-approximations
[Cha01], but uses a more careful analysis that shows that the resulting set is indeed a relative (p, ε)-
approximation. That is, for a given threshold 0 < p < 1, the resulting set A is of size O

(
δ

ε2p
log δ

εp

)
,

and, for any range R of size at least pn, gives an absolute approximation error of ε|R ∩ X|/|X|.
That is, ∣∣∣∣ |R ∩A|

|A|
− |R ∩X|

|X|

∣∣∣∣ < ε
|R ∩X|
|X|

.

Thus, for such ranges R, the approximate count
|R ∩A|
|A|

· |X| is an ε-approximate count of R∩X.

The construction is randomized, but can easily be derandomized using standard techniques, similar
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to those used to obtain the deterministic constructions cited above.
Note that the size of our approximation is slightly worse than the bound of [LLS01], when p � ε.

However, our construction is useful because it can be enhanced, in certain geometric situations,
to yield relative (p, ε)-approximations of smaller size. We study two cases in detail, one involving
points in R2 and halfplane ranges, and the other involving points in Rd, d ≥ 3, and halfspace
ranges. Given a threshold parameter 0 < p < 1, the size of the approximation set is O

(
1

ε4/3p
log 1

εp

)
in the plane, and O

(
1

ε3/2p
log 1

εp

)
in 3-space; the bounds for higher dimensions are spelled out in

Section 4.2.
In the planar case, the construction is based on an interesting generalization of spanning trees

with small crossing number, a result that we believe to be of independent interest. Specifically, we
show that any finite point set P in the plane has a spanning tree with the following property: For
any k ≤ |P |, any k-shallow line (a line that has at most k points of P in one of the halfplanes that
it bounds) crosses at most O(

√
k log(n/k)) edges of the tree. (The classical construction of Welzl

[Wel92] guarantees this property only for k = n; i.e., it guarantees the uniform crossing number
O(
√

n).) We refer to such a tree as a spanning tree with low relative crossing number, and show
how to use it in the construction of small-size relative (p, ε)-approximations.

Things are more complicated in three (and higher) dimensions. We were unable to extend the
planar construction of spanning trees with low relative crossing number to R3 (nor to higher dimen-
sions), and this remains an interesting open problem. (We give, in the full version, a counterexample
that shows why the planar construction cannot be extended “as is” to 3-space.) Instead, we base
our construction on the shallow partition theorem of Matoušek [Mat91b], and construct a set A of
size O

(
1

ε3/2p
log 1

εp

)
, which yields an absolute approximation error of at most εp for halfspaces that

contain at most pn points. Note that this is the “wrong” inequality—to guarantee small relative
error we need this to hold for all ranges with at least pn points. To overcome this difficulty, we con-
struct a sequence of approximation sets, each capable of producing a relative ε-approximate count
for ranges that have roughly a fixed size, where these sizes grow geometrically, starting at pn and
ending at roughly n. The sizes of these sets decrease geometrically, so that the size of the first set
(that caters to ranges with about pn points), which is O

(
1

ε3/2p
log 1

εp

)
, dominates asymptotically

the overall size of all of them. We output this sequence of sets, and show how to use them to obtain
an ε-approximate count of any range with at least pn points.

The situation is somewhat more complicated in higher dimensions. The basic approach used in
the three-dimensional case can be extended to higher dimensions, using the appropriate version of
the shallow partition theorem. However, the bounds get somewhat more complicated, and apply
only under certain restrictions on the relationships between ε, p, and n. We refer the reader to
Section 4.2, where these bounds and restrictions are spelled out in detail.

Due to space limitations, we omit many details in this abstract. They are available in the full
version of this paper [HS06].

2 Relative (p, ε)-Approximations in General Range Spaces

Our construction is based on the following well known technical ingredient.

Theorem 2.1 ([Cha01]) Let (X,R) be a set system defined over n = |X| elements, where R =
{R1, . . . , Rm}. One can construct, in O(nm) deterministic time, a coloring χ : X → {−1, 1}, where
each color class has exactly n/2 elements, such that, for any j = 1, . . . ,m, the discrepancy of Rj is
|χ(Rj)| ≤

√
2 |Rj | ln(2m), where χ(Rj) =

∑
x∈Rj

χ(x).
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Remarks: (1) Clearly, a more precise statement is that χ(Rj) ≤
√

2ξ(Rj) ln(2m), for each j,
where ξ(R) is the number of pairs of the matching that the range R separates (or “crosses”).
Later, we will use special matchings with small values of the quantities ξ(R), and consequently
obtain improved discrepancy bounds, which in turn will lead to improved bounds on the size of the
relative approximation sets.
(2) We refer to the process of extracting a subset of X of half the size, by using low-discrepancy
coloring, as halving. One can show that if the range space (X,R) has VC dimension δ, then a
halving can be constructed in O(|X|δ+1) deterministic time.

Setting W = χ−1(1) and B = χ−1(−1), Theorem 2.1 states that, for each Rj ,∣∣|W ∩Rj | − |B ∩Rj |
∣∣ ≤√2 |Rj | ln(2m),

and since |W ∩Rj | = |X ∩Rj | − |B ∩Rj |, we have, for each Rj ,∣∣|X ∩Rj | − 2 |B ∩Rj |
∣∣ ≤√2 |Rj | ln(2m). (3)

Assume now that the set system (X,R) has finite VC dimension δ. This implies (by Sauer’s
lemma [Cha01]) that |R| ≤ (ne/δ)δ. To simplify the exposition, we will assume that δ > 2, so
that m = |R| ≤ nδ. Moreover, for any subset X ′ ⊆ X of size n′, the number of distinct ranges in
R′ = {Rj ∩X ′ | j = 1, . . . ,m} is m′ ≤ (n′)δ.

We construct a sequence of subsets Pk ⊆ Pk−1 ⊆ . . . ⊆ P0 = X, with k to be determined shortly,
as follows. Set P0 = X and, for each i = 1, 2, . . ., after constructing Pi−1, we take a coloring χi of
Pi−1 by two colors, as provided in Theorem 2.1, and let Pi be the subset of points of Pi−1 colored
−1. Put ni = |Pi| = n/2i, for i = 1, . . . , k.

Lemma 2.2 Let 0 < p < 1 be a given parameter, and assume that k satisfies nk ≥ 4δ
p ln 4δ

p . Then,
for any range R in R that contains at least pn points of X, and for each i = 0, . . . , k, we have

|Pi ∩R| ≤ c |P0 ∩R| /2i,

for some absolute constant c.

Proof: Omitted; see the full version [HS06].

Lemma 2.3 There exists an index k such that |Pk| = nk = Θ
(

δ
ε2p

ln δ
εp

)
, and such that, for any

range R ∈ R that contains at least pn points, we have
∣∣|R ∩ P | − 2k|R ∩ Pk|

∣∣ ≤ ε|R ∩ P |.

Proof: Fix a range R, and use the notation in the proof of Lemma 2.2. This lemma implies that∣∣∣λ̂− 2kλk

∣∣∣ ≤
k∑

i=1

2i−1
√

2δλi−1 ln(2ni)

≤
k∑

i=1

2i−1

√√√√2δ

(
c

λ̂

2i−1

)
ln(2ni) ≤ c12k/2

√
λ̂ lnnk,

for some constant c1 which is proportional to
√

δ. We want the right-hand side to be smaller than

ελ̂; that is, c12k/2

√
λ̂ lnnk ≤ ελ̂, which is equivalent to c2

12
k lnnk ≤ ε2λ̂. Since we assume λ̂ ≥ pn,

this will hold if we require that c2
12

k lnnk ≤ ε2pn. Since nk = n/2k, this amounts to requiring that

c2
1

ε2p
≤ nk

lnnk
,
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which holds for nk ≥ 2 c21
ε2p

ln c21
ε2p

. Note that this bound meets the lower bound requirement on nk,

given in Lemma 2.2, provided that c1 is a sufficiently large multiple of
√

δ. This completes the
proof of the lemma.

We have thus shown the following main result of this section.

Theorem 2.4 Let (X,R) be a range space with finite VC dimension δ, where |X| = n, and let
0 < ε < 1 and 0 < p < 1 be given parameters. Then one can construct a set A ⊆ X of size
O( δ

ε2p
log δ

εp), such that, for each range R ∈ R of at least pn points, we have∣∣∣∣ |R ∩A|
|A|

− |R ∩X|
|X|

∣∣∣∣ ≤ ε
|R ∩X|
|X|

.

In other words, A is a relative (p, ε)-approximation for (X,R). The set A can be computed either

in O(δ)3δ
(

1
p2ε2 log δ

ε

)δ
n, or in O(nδ+1) deterministic time.

Proof: Take A to be the set Pk from Lemma 2.3. We only need to verify that it provides the
required approximation. Fix a range R ∈ R, and let λ̂ = |R ∩X| and λk = |R ∩ Pk|. We have that∣∣∣λ̂− 2kλk

∣∣∣ ≤ ελ̂, or, equivalently,

∣∣∣∣ |R ∩X|
|X|

− |R ∩A|
|A|

∣∣∣∣ = ∣∣∣∣ |R ∩X|
n

− |R ∩A|
n/2k

∣∣∣∣ =
∣∣∣∣∣ λ̂n − 2kλk

n

∣∣∣∣∣ ≤ ελ̂

n
,

as required. The bound on the construction time is given in the full version [HS06].

3 Relative (p, ε)-Approximations in the Plane

In this section we present a construction of smaller-size relative (p, ε)-approximations for the range
space involving a set of points in the plane and the set of halfplanes as ranges. The key ingredient
of the construction is the result of the following subsection.

3.1 Spanning trees with small relative crossing number

We derive a refined “weight-sensitive” version of the classical construct of spanning trees with small
crossing number, as obtained by Chazelle and Welzl [CW89], with a simplified construction given
in [Wel92]. We believe that this refined version is of independent interest, and expect it to have
additional applications in the future.

In accordance with standard notation used in the literature, we denote from now on the under-
lying point set by P .

We first recall the standard result:

Theorem 3.1 ([Wel92]) Let P be a set of n points in Rd. One can compute a spanning tree T of
P such that each hyperplane in Rd crosses at most O(n1−1/d) edges of T.

Definition 3.2 Let P be a set of n points in the plane. For a line `, let w+
` (resp., w−

` ) be the
number of points of P lying above (resp., below or on) `, and define the weight of `, denoted by
w`, to be min(w+

` , w−
` ).
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Let D(P, k) be the intersection of all closed half-spaces that contain at least n− k points of P .
Note that, by the centerpoint theorem (see [Mat03]), the set D(P, k) is not empty for k < n/3.
Moreover, the set D(P, k) is a convex polygon, since it is equal to the intersection of a finite number
of halfplanes.

Lemma 3.3 Let P be a set of n points in the plane. (i) Any line ` that avoids the interior of
Qk = D(P, k) has weight w` ≤ 2k. (ii) Any line ` that intersects the interior of Qk has weight
w` > k.

Proof: Omitted; see the full version [HS06].

Lemma 3.4 The set P \D(P, k) can be covered by disjoint convex polygons C1, . . . , Cu, each con-
taining at most 2k points of P , such that any line intersects at most O(log(n/k)) of these polygons.

Proof: We construct the polygons Ci iteratively, as follows. Let λL and λR be the two vertical lines
supporting D(P, k) on its left and on its right, respectively. C1 (resp., C2) is the halfplane to the
left (resp., right) of λL (resp., λR). The construction maintains the invariant that the complement
of the union of the polygons C1, . . . , Ci constructed so far is a convex polygon Ki that contains
D(P, k) and passes through some of its vertices, so that Ki \ D(P, k) consists of pairwise disjoint
connected “pockets”. (Initially, after constructing C1 and C2, we have two pockets—the regions
lying respectively above and below D(P, k), between λL and λR.)

≤ 2k

≤ n′/2

≤ n′/2
p

Ci

≤ 2k

λL λR

≤ 2k

Pk

Each step of the construction picks a pocket that contains
more than 2k points of P , and finds a line ` that supports
D(P, k) at a vertex of the pocket, and subdivides the pocket
into two sub-pockets and a third piece that lies on the other
side of `. The line ` is chosen so that the two resulting sub-
pockets contain an equal number of points of P . The third
piece, which clearly contains at most 2k points of P , is taken
to be the next polygon Ci+1, and the construction continues
in this manner until each pocket has at most 2k points. We
then terminate the construction, adding all the pockets to the
output collection of polygons. Note that each “non-final” Ci

is a triangle, having a “base” whose relative interior passes
through a vertex of D(P, k), and two other sides, each of
which is a portion of a base of an earlier polygon. A similar property holds for final polygons,
except that their “base” is a connected portion of the boundary of D(P, k), possibly consisting of
several edges.

We claim that each line ` intersects at most O(log(n/k)) polygons. For this, define the weight
w(Ci) of a non-final polygon Ci, for i ≥ 3, to be the number of points of P in the pocket that was
split when Ci was created; the weight of each final polygon is the number of points of P that it
contains, which is at most 2k. Define the level of Ci to be blog2 w(Ci)c. It is easily checked that
` crosses at most two final polygons, and it can cross both (non-base) sides of at most one (final
or non-final) polygon. Any other polygon Ci crossed by ` is such that ` enters it through its base,
reaching it from another polygon whose level is, by construction, strictly smaller than that of Ci.
Since there are only O(log(n/k)) distinct levels, the claim follows.

Lemma 3.5 Let k > 0 be a pre-specified parameter. One can construct a spanning tree T for P \Qk

such that each line intersects at most O(
√

k log(n/k)) edges of T.
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Proof: Construct the decomposition of P \ D(P, k) into u covering polygons C1, . . . , Cu, using
Lemma 3.4. Let Σ denote the union of the boundaries of all these polygons. Regard Σ as a
straight-edge graph on the vertices of the polygons, and let T0 denote any spanning tree of Σ.

For each i = 1, . . . , u, construct a spanning tree Ti of P ∩ Ci with crossing number O(k1/2),
using Theorem 3.1. In addition, connect one point of P ∩ Ci to an arbitrary vertex of Ci. Let T∗

denote the union of T0,T1, . . . ,Tu, plus the connecting segments just introduced. Clearly, T∗ is a
tree.

Let ` be any line in the plane. The proof of the preceding lemma implies that ` intersects at
most O(log(n/k)) of the polygons Ci. Hence, ` crosses at most O(log(n/k)) edges of T0, at most
O(log(n/k)) of the connecting segments, and it can cross edges of at most O(log(n/k)) trees Ti, for
i = 1, . . . , u. Since ` crosses at most O(k1/2) edges of each such tree, we conclude that ` crosses at
most O(

√
k log(n/k)) edges of T∗.

Finally, we get rid of the extra “Steiner vertices” of T∗ (those not belonging to P \ Qk) in a
straightforward manner, by making T∗ a rooted tree, at some point of P \ Qk, and by replacing
each path connecting a point u ∈ P \Qk to an ancestor v ∈ P \Qk, where all inner vertices of the
path are Steiner points, by the straight segment uv. This produces a spanning tree T of P \ Qk,
whose crossing number is at most that of T∗.

Theorem 3.6 Given a point set P of n points in the plane, one can construct a spanning tree T for
P such that any line ` crosses at most O(

√
w` log(n/w`)) edges of T. The tree T can be constructed

in O(n1+ε) (deterministic) time, for any fixed ε > 0.

Proof: We construct a sequence of subsets of P , as follows. Put P0 = P . At the ith step, i ≥ 1,
consider the polygon Qi = D(Pi−1, 2i), and let Pi = Pi−1 ∩ Qi. We stop when Pi becomes empty.

For each i, construct a spanning tree Ti for Pi−1 \Qi, using Lemma 3.5 (with k = 2i). Connect
the resulting trees by straight segments into a single spanning tree T of P .

We claim that T is the desired spanning tree. Indeed, consider an arbitrary line ` of weight k.
Observe that ` cannot cross any of the polygons Qi, for i > U = dlog2 ke, since any line that crosses
such a polygon must be of weight at least 2i+1 > k, by Lemma 3.3(ii).

Thus ` crosses only the first O(log k) layers of our construction. Hence, the number of edges of
T that ` crosses is at most

U∑
i=1

O
(√

2i log(n/2i)
)

= O(
√

k log(n/k)),

as asserted.

3.2 Relative (p, ε)-approximations for halfplanes

We can turn the above construction of a spanning tree with small relative crossing number into a
construction of a relative (p, ε)-approximation for a set of points in the plane and halfplane ranges,
as follows.

Let P be a set of n points in the plane, and let T be a spanning tree of P as provided in Theo-
rem 3.6. We replace T by a perfect matching M of P , with the same relative crossing number, i.e.,
the number of pairs of M that are separated by a halfplane of weight k is at most O(

√
k log(n/k)).

This is done in a standard manner—we first convert T to a spanning path with the same relative
crossing number, and then pick every other edge of the path.

We now construct a coloring of P with low discrepancy, by randomly coloring the points in each
pair of M , as in Theorem 2.1. The analysis in the proof of that theorem (see the Remark following
the theorem) yields the following variant.
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Lemma 3.7 Given a set P of n points in the plane, one can construct a coloring χ : P 7→ {−1, 1},
such that, for any halfplane h that contains k points of P , we have

χ(h ∩ P ) = O(k1/4 log n).

The coloring is balanced—each color class consists of exactly n/2 points of P .

We now continue with the analysis of Section 2, using the improved discrepancy bound of the
preceding lemma. This can be shown to lead to the following improved bound.

Theorem 3.8 Given a set P of points in the plane, and parameters 0 < ε < 1 and 0 < p < 1, one
can construct a relative (p, ε)-approximation subset of size O

(
1

ε4/3p
log4/3 1

εp

)
.

See the full version [HS06] for details concerning the construction time.

4 Relative (p, ε)-Approximations in Higher Dimensions

4.1 Relative (p, ε)-Approximations in R3

The construction in higher dimensions is different from the planar one, because of our present
inability to extend the construction of spanning trees with low relative crossing number to three or
higher dimension.

The main technical step in the construction is given in the following theorem.

Theorem 4.1 Let P be a set of n points in R3, and let 0 < ε < 1, 0 < p < 1 be given parameters.
Then there exists a set A ⊂ P , of size O

(
1

ε3/2p
log 1

εp

)
, such that, for any halfspace h of weight at

most pn, we have ∣∣∣∣ |h ∩A|
|A|

− |h ∩ P |
|P |

∣∣∣∣ ≤ εp. (4)

Remark: Let us note right away the difference between Eq. (4) and the situation in the preceding
sections. That is, up to now we have handled ranges of size at least pn, whereas Eq. (4) applies
to ranges of size at most pn. This issue requires a somewhat less standard construction, that
will culminate in a sequence of approximation sets, each catering to a different range of halfspace
weights. Nevertheless, the overall size of these sets will satisfy the above bound, and the cost of
accessing them will be small. See below for details.

Proof: We apply the shallow partition theorem of Matoušek [Mat91b], with r = 1/p, to obtain
a partition of P into s ≤ 2r subsets P1, . . . , Ps, each of size at most k = pn, such that any k-
shallow halfspace (namely, a halfspace that contains at most k points of P ) separates at most
c log r = c log(1/p) subsets, for some absolute constant c. (Note that if h meets any Pi, it has to
separate it, because h is too shallow to fully contain Pi.) Without loss of generality, we can carry
out the construction so that the size of each Pi is even.

We then construct, for each subset Pi, a spanning tree of Pi with crossing number O(k2/3) [Wel92],
and convert it to a perfect matching of Pi, with the same asymptotic bound on its crossing number,
namely, the maximum number of pairs in the matching that a halfspace separates.

We then color each matched pair independently, as above, coloring at random one of its points
by −1 and the other by 1, with equal probabilities. Let R1 be the set of points colored −1; we have
|R1| = n/2. With high probability, the discrepancy of any halfspace h is at most

√
6ξ(h) ln(2n),

where ξ(h) is the crossing number of h. Since h is assumed to be k-shallow, it follows by construction

8



that ξ(h) = O
(∑

i k
2/3
i

)
, where ki = |h∩Pi|, and where the sum extends over those O(log r) subsets

for which ki > 0. Using Hölder’s inequality, this yields ξ(h) = O(k2/3 log1/3 r), so the discrepancy
of h is O(k1/3 log2/3 n).

We continue recursively in this manner for j steps, producing a sequence of subsets R0 =
P,R1, . . . , Rj , where Ri is obtained from Ri−1 using the above coloring procedure. When con-
structing Ri from Ri−1, for i ≥ 2, we use the parameter ki−1 = k min{c/2i−1, 1}, where c is the
constant derived in the following lemma, which is a variant of Lemma 2.2.

Lemma 4.2 For any halfspace h with at most k = pn points of P , we have, for any i ≤ j,

|h ∩Ri| ≤
ck

2i
=

cpn

2i
,

for an appropriate absolute constant c, provided that nj ≥ 2
p ln 1

p .

We thus have∣∣∣∣ |h ∩Rj−1|
|Rj−1|

− |h ∩Rj |
|Rj |

∣∣∣∣ =
χ(h, Rj−1)
|Rj−1|

= O

(
2j−1k

1/3
j−1 log2/3(n/2j−1)

n

)
,

for j = 0, . . .. Substituting ki = k min{c/2i, 1}, for each i, and adding up the inequalities, it is
easily checked that the last right-hand side dominates, so we obtain∣∣∣∣ |h ∩ P |

|P |
− |h ∩Rj |

|Rj |

∣∣∣∣ = O

(
22j/3k1/3 log2/3(n/2j−1)

n

)
.

We choose j so that this bound is at most εp = εk/n. That is, 2j = O
(

ε3/2pn
log(n/2j)

)
. Hence, the size

of Rj is

|Rj | =
n

2j
= O

(
log(n/2j)

ε3/2p

)
= O

(
1

ε3/2p
log

1
εp

)
.

Taking A = Rj completes the proof.

Theorem 4.3 Given a set P of n points in R3, and two parameters 0 < ε < 1, 0 < p < 1, we
can construct O

(
log 1

p

)
subsets of P , A1, . . . , Ak, of total size O

(
1

ε3/2p
log 1

εp

)
, so that, given any

halfspace h containing qn points of P , for q ≥ p, we can find a set At that satisfies∣∣∣∣ |h ∩At|
|At|

− |h ∩ P |
|P |

∣∣∣∣ ≤ ε
|h ∩ P |
|P |

.

The (brute-force) time it takes to search for At and obtain the count |h ∩At| is O
(

1
ε3/2q

log 1
εq

)
.

See the full version [HS06] for details concerning the searching procedure.

4.2 Higher dimensions

The preceding construction can be generalized to higher dimensions, with some complications. We
first introduce the following parameters:

γ = 1 +
1− 1

d∗

d + 1
, where d∗ = bd/2c, and µ =

2d

d + 1
.
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Note that, for d ≥ 4, γ > 1 (and tends to 1 as d increases), and µ < 2 (and tends to 2 as d
increases).

The analogous version of Theorem 4.1 is

Theorem 4.4 Let P be a set of n points in Rd, d ≥ 4, and let 0 < ε < 1, 0 < p < 1, be as above.

Then there exists a set A ⊂ P , of size O

(
dµ/2

εµpγ
log

d

εp

)
, such that, for any halfspace h that is (at

most) pn-shallow, we have
∣∣∣ |h∩A|

|A| − |h∩P |
|P |

∣∣∣ ≤ εp, provided that n = Ω
(

dµ/2

pγ logµ/2 d
p

)
.

Proof: Omitted; see the full version [HS06].
We thus have the following result.

Theorem 4.5 Given a set P of n points in Rd, and two parameters 0 < ε < 1, 0 < p < 1,
we can construct O

(
log 1

p

)
subsets of P , A1, . . . , Ak, of total size O

(
dµ/2

εγpµ logµ/2 1
εp

)
, so that,

given any halfspace h containing qn points of P , for q ≥ p, we can find a set At that satisfies∣∣∣ |h∩At|
|At| − |h∩P |

|P |

∣∣∣ ≤ ε |h∩P |
|P | . The (brute-force) time it takes to search for At and obtain the count

|h ∩At| is O
(

dµ/2

εγqµ logµ/2 1
εq

)
.

5 Conclusions

In this paper, we showed how to use low-discrepancy halving to construct small-size relative (p, ε)-
approximations. We then gave a construction of even smaller-size approximations for halfplane
ranges, by revisiting the classical construction of spanning trees with low crossing number, and
modifying it to be weight-sensitive. We then gave similar constructions of relative approximation
sets for halfspace ranges in higher dimensions, using a different approach, and showed how to use
them for approximate halfspace range counting. We also revisited (this is presented only in the full
version) the approximate range-counting problem in two and three dimensions and provided better
algorithms than those previously known.

There are several interesting open problems for further research. The main one is to extend the
construction of spanning trees with small relative crossing number to three and higher dimensions.
Another open problem is to improve Theorem 3.6. A minor further improvement of Theorem 3.6
is possible by plugging the construction of Theorem 3.6 into the construction of Lemma 3.5. This
still falls short of the desired spanning tree with crossing number O(

√
w`), for a line ` of weight w`.

We leave this as an open problem for further research.
Interestingly, the partition of Lemma 3.4 can be interpreted as a strengthening of the shallow

partition theorem of Matoušek [Mat91b] in two dimensions. It is quite possible that a similar (but
probably weaker) strengthening is possible in three and higher dimensions.
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[MWW93] J. Matoušek, E. Welzl and L. Wernisch, Discrepancy and approximations for bounded
VC-dimension, Combinatorica 13 (1993), 455–466.

[PA95] J. Pach and P.K. Agarwal, Combinatorial Geometry, Wiley Interscience, New York, 1995.

[Pol86] D. Pollard, Rates of uniform almost-sure convergence for empirical processes indexed by
unbounded classes of functions, Manuscript, 1986.

[SS05] H. Shaul and M. Sharir, Ray shooting amid balls, farthest point from a line, and range
emptiness searching, Proc. 16th ACM-SIAM Sympos. Discrete Algorithms (2005), 525–534.

[ST86] N. Sarnak and R. E. Tarjan, Planar point location using persistent search trees, Commun.
ACM 29 (1986), 669–679.

[VC71] V.N. Vapnik and A. Ya. Chervonenkis, On the uniform convergence of relative frequencies
of events to their probabilities, Theory of Probability and its Applications 16 (1971), 264–280.

[Wel92] E. Welzl, On spanning trees with low crossing numbers, In Data Structures and Efficient
Algorithms, Final Report on the DFG Special Joint Initiative, volume 594 of Lect. Notes in Comp.
Sci., pages 233–249, Springer-Verlag, 1992.

12


	Introduction
	Relative (p,)-Approximations in General Range Spaces
	Relative (p,)-Approximations in the Plane
	Spanning trees with small relative crossing number
	Relative (p,)-approximations for halfplanes

	Relative (p,)-Approximations in Higher Dimensions
	Relative (p,)-Approximations in R3
	Higher dimensions

	Conclusions

