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2. Geometric Clustering

e Input: AP C RY k.
e Partition P into k “good” clusters.

k-Median: mi dist
e edia m(;np%% ist(p, C)

2
k-Means: min Z (dlSt(p, C’))
peP
dist(p, C) = min.cc||pc||.
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3. k-Median clustering

o k-Median (1 + £)-aprx:
o Low dim: [Arora et al. (1998)],
[Kolliopoulos and Rao (1999)]...

O(n pkO1) logo(l) n)
p -func. of e, d
» High dim: [Badoiu et al. (2002);
Kumar et al. (2004)]
O(7 - nd): linear time
T - function of ¢, k




=

4. k-Meansclustering

o k-Median (1 + £)-aprx:
o Low dim: [Matousek (2000)]...
O(n + poly(k,logn,1/e) 4+ func(k,e€))
o High dim: [de |la Vega et al. (2003);

Kumar et al. (2004)]
O(7 - nd): linear time
T - function of ¢, k

e Algorithms are useless in practice.
e There is a simple hueristic for k-means!
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5: k-Means method names L

k-means algorithm.
k-means method.
k-means.

Lloyd’s k-means method.
k-means heuristic.

e P P P PP

AXxis of evil.
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6: k-Meansmethod L

e C - set of centers
Q PriceC(P) — Zpep(diSt(pv C))2

o Observation: If center c serves a cluster Q = min
price when ¢ = center of mass of Q.

o Observation: p € P then p uses NN in C.

k-means method:
e Partition P into clusters using C
o Compute centers of mass of every cluster
e Set C to be new set of centers. Repeat.
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7. k-Means method - Demo
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8: k-Means method L

Every iteration improves price of clustering.
Alg. walks on Voronoi partitions of point set.
Alg. does not cycle.

e P P P

k-means method always terminates.

Observation [Inaba et al. (1994)]:
# iterations O (n*?).

e Bound too big = meaningless.

©

o No guality guarantee...
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9: k-Means method L

o Q: (raised by Pankaj Agarwal): Give polynomial
bound on the number of iterations.

o Motivation: Better understand k-means method.

o Our results: Initial and partial answer to this
guestion.
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10: k-Means method - lower bound”

e Fork =2
e EXist P - n points on the real line

o Result:
k-means method takes n — 2 iterations on P.

o Bad news... n can be quite big...
e Spread of P is polynomial!
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k-M eans method

11 Upperboundd =1 1

a X C IR - set of n points.

e A -spread of X.

(Ratio between longest distance to shortest
distance.)

o Result: The number of steps of k-MeansMTD iS
O(nA?).
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k-M eans method -

12: Upper bound for grid

e M - integer number.
e X C{1,...,M}*-setof n points.
o Number of iters of k-MeansMTD is < dn®M?2.

a Covers the case of images

a M = 256
e d= 1024 x 768.
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SINGLEPNT
13 Alternative Algorithm 1

X - set of points

C' - set of centers

Every point maintain current center.

Centers are centroids of points assigned to them.
Scan the points of X

e P P P P P

If x € X Is misclassified then

o Reassign x to its closest center.

o Update the two centers involved.
(l.e., recompute centroids)
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Difference between -

14" SINGLEPNT and K-MEANSMTD

e k-MeansMTD scan all the points
—- Then update centroids.
(.e., batch mode)

@ SINGLEPNT - update centroids whenever finding a
misclassified points.
(.e., “online” mode)

e “Conjecture’”:
k-MeansMTD and SincLEPNT have similar # of iters.
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15: SINGLEPNT Performance L

e X C RY - n points.
e A -spread of X.

o Result:
SingLEPNT makes at most O(kn?A?) iters.

o Dimension independent!
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Yet Another Variant

16: The LAzy-k-MEANSs algorithm

a ¢ > 0 - parameter.

e Lazv-k-MEeaNs reassigns only substantially
misclassified points.
a x associated with center c
a ¢’ = Nearest center to «
o [|zc|| = (1 + &)||zd||

o Result:
# of iters of Lazy-k-Means is O(nAZe3).=
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17: Why spread does not matter L

e Spread tends to be small in high dimensions.
(.e., random distributions)

e Snapping to grid and breakup input into several
chunks.

e Each chunk has small spread.
a analyze algorithm inside each chunk.
o Reasonable assumption.
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18: Technique used

a Consider the clustering price:

mcin Z (dist (p, C)) ;

peP

o Initial price is at most L = nA?
e Argue that in every k iterations prices decreases by

1
atleast ) = ——.
128n

o #iters < 2.

L. Natural argument.
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19: Conclusions L

e Preliminary results about the k-means method.
e Good bounds for variants.
e Further improvement should be possible...
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