
Chapter 4

Clustering - Definitions and Basic
Algorithms
By Sariel Har-Peled, February 4, 2010¬

Do not read this story; turn the page quickly. The story may upset you. Anyhow, you probably know
it already. It is a very disturbing story. Everyone knows it. The glory and the crime of Commander
Suzdal have been told in a thousand different ways. Don’t let yourself realize that the story is the truth.

It isn’t. not at all. There’s not a bit of truth to it. There is no such planet as Arachosia, no such people
as klopts, no such world as Catland. These are all just imaginary, they didn’t happen, forget about it, go
away and read something else.

– The Crime and Glory of Commander Suzdal, Cordwainer Smith

In this chapter, we will initiate our discussion of clustering. Clustering is one of the most
fundamental computational tasks, but frustratingly, one of the fuzziest. It can be stated informally
as: “Given data, find interesting structure in the data. Go!”

The fuzziness arise naturally from the requirement that it would be “interesting”, as this is not
well defined and depends on human perception which is sometime impossible to quantify clearly.
Similarly, what is “structure” is also open to debate. Nevertheless, clustering is inherent to many
computational tasks like learning, searching and data-mining.

Empirical study of clustering concentrates on trying various measures for the clustering, and
trying out various algorithms and heuristics to compute these clusterings. See bibliographical notes
for some relevant references.

Here, we will concentrate on some well defined clustering tasks, including k-center clustering,
k-median clustering, and k-means clustering, and some basic algorithms for these problems.

4.1 Preliminaries
A clustering problem is usually defined by a set of items, and a distance function defined between
these items. While these items might be points in IRd and the distance function is just the regular

¬This work is licensed under the Creative Commons Attribution-Noncommercial 3.0 License. To view a copy of
this license, visit http://creativecommons.org/licenses/by-nc/3.0/ or send a letter to Creative Commons,
171 Second Street, Suite 300, San Francisco, California, 94105, USA.
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Euclidean distance, it is sometime beneficial to consider the more abstract setting of a general
metric space.

Definition 4.1.1 A metric space is a pair (X,d) where X is a set and d : X×X→ [0,∞) is a metric,
satisfying the following axioms: (i) dM(x, y) = 0 if and only if x = y, (ii) dM(x, y) = dM(y, x), and
(iii) dM(x, y) + dM(y, z) ≥ dM(x, z) (triangle inequality).

For example, IR2 with the regular Euclidean distance is a metric space. In the following, we
assume that we are given a black-box access to d. Namely, given two points p, q ∈ X, we assume
that dM(p, q) can be computed in constant time.

The input is a set of n points P ⊆ X. Given a set of centers C, every point of P is assigned to
its nearest neighbor in C. All the points of P that are assigned to a center c form the cluster of c,
denoted by

cluster
(
C, c

)
=

{
p ∈ P

∣∣∣∣ dM
(
p, c

) ≤ d(p,C)
}
, (4.1)

where d(p,C) = minc∈C dM
(
p, c

)
denotes the distance of p to the set C. Namely, the center set

C partition P into clusters. This specific scheme of partitioning points by assigning them to their
closest center (in a given set of centers) is known as a Voronoi partition.

In particular, let P = {p1, . . . , pn}, and consider the n dimensional point

PC =
(
d(p1,C) ,d(p2,C) , . . . ,d(pn,C)

)
.

The ith coordinate of the point PC is the cost of assigning pi to the closest center in C.

4.2 On k-Center Clustering
In the k-center clustering problem, a set P ⊆ X of n points is provided together with a parameter
k. We would like to find k points C ⊆ P, such that the maximum distance of a point in P to the
closest point in C is minimized.

As a concrete example, consider the set of points to be a set of cities. Distances between points
represent the time it takes to travel between the corresponding points. We would like to build k
hospitals and minimize the maximum time it takes a patient to arrive to its closest hospital.

Formally, given a set of centers C, the k-center clustering price of P by C is denoted by

‖PC‖∞ = max
p∈P

d(p,C) ,

where d(p,C) = minc∈C dM
(
p, c

)
denotes the distance of p to the set C. Note, that every point in a

cluster is in distance at most ‖PC‖∞ from its respective center.
Formally, the k-center problem is to find a set C of k points, such that ‖PC‖∞ is minimized;

namely,
opt∞(P, k) = min

C,|C|=k
‖PC‖∞ .

We will denote the set of centers realizing the optimal clustering by Copt. A more explicit definition
(and somewhat more confusing) of the k-center clustering is to compute the set C of size k realizing
minC maxp∈P minc∈C dM

(
p, c

)
.

It is known that the k-center clustering is NP-Hard, and it is in fact hard to approximate within
a factor of 1.86 even in two dimensions. Surprisingly, there is a simple and elegant algorithm that
achieves a 2-approximation.
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4.2.1 The Greedy Clustering Algorithm
The greedy algorithm GreedyKCenter starts by picking an arbitrary point c1 into C1. Next, we
compute for every point p ∈ P its distance d1[p] from c1. Now, consider the point worst served by
C1; this is the point realizing r1 = maxp∈P d1[p]. Let c2 denote this point, and add it to the set of
centers C1 resulting in the set C2.

Specifically, in the ith iteration, we compute for each point p ∈ P the quantity di−1[p] =

minc∈Ci−1 dM
(
p, c

)
. We also compute the radius of the clustering

ri−1 =
∥∥∥PCi−1

∥∥∥∞ = max
p∈P

di−1[p] = max
p∈P

d(p,Ci−1) , (4.2)

and the bottleneck point ci that realizes it. Next, we add ci to Ci−1 to form the new set Ci. We
repeat this process k times.

Namely, the algorithm repeatedly picks the point furthest away from the current set of centers,
and add it to the current set of centers.

To make this algorithm slightly faster, observe that

di[p] = d(p,Ci) = min
(
d(p,Ci−1) ,dM

(
p, ci

))
= min

(
di−1[p],dM

(
p, ci

))
.

In particular, if we maintain for each point p ∈ P a single variable d[p] with its current distance to
the closest center in the current center set, then the above formula boils down to

d[p]← min
(
d[p],dM

(
p, ci

))
.

Namely, the above algorithm can be implemented using O(n) space, where n = |P|. The ith iteration
of choosing the ith center takes O(n) time. Thus, overall, this approximation algorithm takes O(nk)
time.

A ball of radius r around a point p ∈ P is the set of points in P with distance at most r from

p; namely, b(p, r) =

{
q ∈ P

∣∣∣∣ dM(p, q) ≤ r
}
. Thus, the k-center problem can be interpreted as the

problem of covering the points of P using k balls of minimum (maximum) radius.

Theorem 4.2.1 Given a set of n points P ⊆ X, belonging to a metric space (X,d), the algorithm
GreedyKCenter computes a set K of k centers, such that K is a 2-approximation to the optimal
k-center clustering of P; namely, ‖PK‖∞ ≤ 2opt∞, where opt∞ = opt∞(P, k). The algorithm takes
O(nk) time.

Proof : The running time follows by the above description, so we concern ourselves only with the
approximation quality.

By definition, we have rk = ‖PK‖∞, and let ck+1 be the point in P realizing rk = maxp∈P d(p,K).
Let C = K ∪ {

ck+!
}
. Observe that by the definition of ri, we have that r1 ≥ r2 ≥ . . . ≥ rk.

Furthermore, for i < j ≤ k + 1 we have that

dM
(
ci, c j

)
≥ d(c j,C j−1) = r j ≥ rk.

Namely, the distance between the closest points in C is at least rk. Now, assume for the sake
of contradiction that rk > 2opt∞(P, k). Consider the optimal solution, that covers P with k balls
of radius opt∞. By the triangle inequality, any two points inside such a ball are in distance at
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most 2opt∞ from each other. Thus, none of these balls can cover two points of C ⊆ P, since the
minimum distance in C is > 2opt∞. A contradiction, since then we need k + 1 = |C| balls of radius
opt∞ to cover P.

In the spirit of never trusting a claim that has only a single proof, we provide an alternative
proof.­

Alternative Proof: If every cluster of Copt contains exactly one point of K then the claim fol-
lows. Indeed, consider a point p ∈ P, and let c be the center it belongs to in Copt. Also, let g be
the center of K that is in cluster

(
Copt, c

)
. We have that d

(
p, c

)
= d

(
p,Copt

)
≤ opt∞ = opt∞(P, k).

Similarly, observe that d
(
g, c

)
= d

(
g,Copt

)
≤ opt∞. As such, by the triangle inequality, we have

that d
(
p, g

) ≤ d
(
p, c

)
+ d

(
c, g

) ≤ 2opt∞.
By the pigeon hole principle, the only other possibility is that there are two centers g and h of

K that are both in cluster
(
Copt, c

)
, for some c ∈ Copt. Assume, without loss of generality, that h was

added later to the center set K by the algorithm GreedyKCenter, say in the ith iteration. But then,
since GreedyKCenter always chooses the point furthest away from the current set of centers, we
have that c ∈ Ci−1 and

‖PK‖∞ ≤
∥∥∥PCi−1

∥∥∥∞ = d
(
h,Ci−1

)
≤ d

(
h, g

)
≤ d

(
h, c

)
+ d

(
c, g

) ≤ 2opt∞.

4.2.2 The greedy permutation
There is an interesting phenomena associated with GreedyKCenter. We can ran it till it exhausts
all the points of P (i.e., k = n). Then, this algorithm generates a permutation of P; that is P =〈
c1, c2, . . . , cn

〉
. We will refer to P as the greedy permutation of P. There is also an associated

sequence of radiuses 〈r1, r2, . . . , rn〉, where all the points of P are in distance at most ri from the
points of Ci =

〈
c1, . . . , ci

〉
.

Definition 4.2.2 A set S ⊆ P is a r-packing for P if the following two properties hold.
(i) Covering property: All the points of P are in distance at most r from the points of P.

(ii) Separation property: For any pair point of points p, q ∈ S , we have that dM(p, q) ≥ r.
(One can relax the separation property by requiring that the points of S would be at distance Ω(r)
apart.)

Intuitively, a r-packing of a point-set P is a compact representation of P in the resolution r.
Surprisingly, the greedy permutation of P provides us with such a representation for all resolutions.

Theorem 4.2.3 Let P be a set of n points in a finite metric space, and let its greedy permutation
be 〈c1, c2, . . . , cn〉 with the associated sequence of radiuses 〈r1, r2, . . . , rn〉. For any i, we have that
Ci =

〈
c1, . . . , ci

〉
is a ri-packing of P.

Proof : Note, that by construction rk = d
(
ck,Ck−1

)
, for all k = 1, . . . , n. As such, for j < k < i ≤ n,

we have that dM
(
c j, ck

)
≥ rk ≥ ri, which implies the required separation property. The covering

property follows by definition, see Eq. (4.2)p59.
­Mark Twain is credited with saying that “I don’t give a damn for a man that can only spell a word one way.”

However, there seems to be a doubt if he really said that, which brings us to the conclusion of never trusting a quote if
it is credited only to a single person.
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4.3 On k-median clustering

In the k-median clustering problem, a set P ⊆ X is provided together with a parameter k. We
would like to find k points C ⊆ P, such that the sum of distances of points of P to their closest
point in C is minimized.

Formally, given a set of centers C, the k-media clustering price of clustering P by C is denoted
by

‖PC‖1 =
∑

p∈P
d(p,C) ,

where d(p,C) = minc∈C dM
(
p, c

)
denotes the distance of p to the set C.

Formally, the k-median problem is to find a set C of k points, such that ‖PC‖1 is minimized;
namely,

opt1(P, k) = min
C,|C|=k

‖PC‖1 .

We will denote the set of centers realizing the optimal clustering by Copt.
There is a simple and elegant constant factor approximation algorithm for k-median clustering

using local search (its analysis however is painful).

A note on notations. Consider the set U =

{
PC

∣∣∣∣ C ∈ Pk
}
. Clearly, we have that opt∞(P, k) =

min
q∈U
‖q‖∞, and opt1(P, k) = min

q∈U
‖q‖1.

Namely, k-center clustering under this interpretation is just finding the point minimizing the
`∞ norm in a set U of points in n dimensions. Similarly, the k-median problem is to find the
point minimizing the `1 norm in the set U. Since `1 and `∞ are equal up to a factor equal to the
dimension, we get the following.

Observation 4.3.1 For any point set P of n points and a parameter k, we have that opt∞(P, k) ≤
opt1(P, k) ≤ n opt∞(P, k).

4.3.1 Approximation Algorithm – Local Search

We are given a set P of n points and a parameter k. In the following, let Copt denote the set of
centers realizing the optimal solution, and let opt1 = opt1(P, k)

4.3.1.1 The algorithm

A 2n-approximation. Observation 4.3.1 implies that if we compute a set of centers L using
Theorem 4.2.1 then we have that

‖PL‖1 /2n ≤ ‖PL‖∞ /2 ≤ opt∞(P, k) ≤ opt1 ≤ ‖PL‖1 =⇒ opt1 ≤ ‖PL‖1 ≤ 2n opt1. (4.3)

Namely, L is a 2n-approximation to the optimal solution.

61



Improving it. Let 0 < τ < 1 be a parameter to be determined shortly. The local search algorithm
AlgLocalSearchKMed initially sets the current set of centers Lcurr to be L. Next, at each iteration it
checks if the current solution Lcurr can be improved by replacing one of the centers in it by a center
from the outside. We will refer to such an operation as a swap. There are at most |P| |Lcurr| = nk
choices to consider, as we pick a center c ∈ Lcurr to throw away and a new center to replace
it by o ∈ (P \ Lcurr). We consider the new candidate set of centers K ← (

Lcurr \ {c}) ∪ {
o
}
. If

‖PK‖1 ≤ (1− τ)
∥∥∥PLcurr

∥∥∥
1

then the algorithm sets Lcurr ← K. The algorithm continue iterating in this
fashion over all possible swaps.

The algorithm AlgLocalSearchKMed stops when there is no swap that would improve the
current solution by a factor of (at least) (1 − τ). The final content of the set Lcurr is the required
constant factor approximation.

4.3.1.2 Running time

Note, that the running time of the algorithm is

O
(
(nk)2 log1/(1−τ)

‖PL‖1
opt1

)
= O

(
(nk)2 log1+τ(2n)

)
= O

(
(nk)2 log n

ln(1 + τ)

)
= O

(
(nk)2 log n

τ

)
,

by Eq. (4.3) and since 1/(1 − τ) ≥ 1 + τ. The final step follows since 1 + τ ≤ exp(τ) ≤ 1 + 2τ, for
τ < 1/2 as can be easily verified. Thus, if τ is polynomially small, then the running time would be
polynomial.

4.3.2 Proof of quality of approximation

We claim that the above algorithm provides a constant factor approximation for the optimal k-
median clustering.

4.3.2.1 Definitions and intuition

Intuitively, since the local search got stuck in a locally optimal solution, it can not be too far from
the true optimal solution.

For the sake of simplicity of exposition, let us assume (for now) that the solution returned by
the algorithm can not be improved (at all) by any swap, and let L be this set of centers. For a center
c ∈ L and a point o ∈ P \ L, let L − c + o =

(
L \ {c}) ∪ {

o
}

denotes the set of centers resulting from
applying the swap c→ o to L. We are assuming that there is no beneficial swap; that is,

∀c ∈ L, o ∈ P \ L 0 ≤ ∆(c, o) = ν1
(
L − c + o

) − ν1(L) . (4.4)

Eq. (4.4) provides us with a large family of inequalities that all of them hold together. Each
inequality is represented by a swap c→ o. We would like to combine these inequalities such
that they would imply that 5

∥∥∥PCopt

∥∥∥
1
≥ ‖PL‖1; namely, that the local search algorithm provides a

constant factor approximation to optimal clustering. This idea seems to be somewhat mysterious,
but hopefully it would become clearer shortly.
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From local clustering, to local clustering complying with the optimal clustering. One can
modify the assignment of points to clusters in the locally optimal clustering so that the resulting
clustering of P comply with the optimal partition; that is, every cluster in the optimal clustering
would be contained in a single cluster of the modified local solution.

c

cluster
(
L, c

)

o

cluster
(
Copt, o

)Furthermore, this modified local solution Π is not much more
expensive. Now, in this partition there are many beneficial swaps (by
making it into the optimal clustering). But these swaps can not be too
profitable, since then they would have been profitable for the original
local solution. This would imply that the local solution can not be
too expensive. The picture on the right depicts a local cluster and the
optimal clusters in its vicinity such that their centers are contained
inside it.

In the following, we denote by nn(p, X) the nearest-neighbor to p in the set X.
For a point p ∈ P, let op = nn

(
p,Copt

)
be its optimal center, and let α(p) = nn

(
op, L

)
be the

center p should use, if p follows its optimal center assignment. Let Π be the modified partition of
P by the function α(·).

c

Π[c]That is, for c ∈ L, its cluster in Π, denoted by Π[c], is the set of all the
points of p ∈ P such that α(p) = c.

Now, for any center o ∈ Copt, let nn
(
o, L

)
be its nearest neighbor in L, and

observe that cluster
(
Copt, o

)
⊆ Π

[
nn

(
o, L

)]
(see Eq. (4.1)p58). The picture on

the right shows the resulting modified cluster for the above example.
Let δp denote the price of this reassignment for the point p; that is δp =

dM(p, α(p)) − d(p, L). Note, that if p does not get reassigned δp = 0 and otherwise δp ≥ 0.

Lemma 4.3.2 The increase in cost from moving from the clustering induced by L to the clustering
of Π is bounded by 2

∥∥∥PCopt

∥∥∥
1
. That is

∑
p∈P δp ≤ 2

∥∥∥PCopt

∥∥∥
1
.

Proof : For a point p ∈ P, let c = nn(p, L) be its local center, o = nn
(
p,Copt

)
be its optimal

center, and let α(p) = nn
(
o, L

)
be its new assigned center in Π. Observe that dM(p, α(p)) =

dM
(
o, nn

(
o, L

)) ≤ dM
(
o, c

)
. As such, by the triangle inequality, we have that

dM(p, α(p)) ≤ dM
(
p, o

)
+ dM

(
o, α(p)

) ≤ dM
(
p, o

)
+ dM

(
o, c

)

≤ dM
(
p, o

)
+
(
dM

(
o, p

)
+ dM

(
p, c

))
= 2dM

(
p, o

)
+ dM

(
p, c

)
.

As such, δp = dM(p, α(p)) − d(p, L) ≤ 2dM
(
p, o

)
+ dM

(
p, c

) − dM
(
p, c

)
= 2dM

(
p, o

)
= 2d

(
p,Copt

)
.

As such,
∑

p∈P δp ≤ ∑
p∈P 2d

(
p,Copt

)
= 2

∥∥∥PCopt

∥∥∥
1
.

Drifters, anchors and tyrants. A center of L that does not serve any center of Copt (i.e., its
cluster in Π is empty) is a drifter. Formally, we map each center of Copt to its nearest-neighbor in
L, and for a center c ∈ L its degree, denoted by deg

(
c
)
, be the number of points of Copt mapped to

it by this nearest neighbor mapping.
As such, a center c ∈ L is a drifter if deg

(
c
)

= 0, an anchor if deg
(
c
)

= 1, and a tyrant if
deg

(
c
)
> 1. Observe, that if c is a drifter, then Π[c] = ∅.
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o o′

c

The reader should not take these names too seriously, but observe
that centers that are tyrants can not easily move around, and are bad
candidates for swaps. Indeed, consider the situation depicted in the
figure on the right. Here the center c serves points of P that belongs
two two optimal clusters o and o′, such that c = nn

(
o, L

)
= nn

(
o′, L

)
. If we swap c→ o then the

points in the cluster cluster
(
Copt, o′

)
might find themselves very far from any center in L − c + o.

Similarly, the points of cluster
(
Copt, o

)
might be in trouble if we swap c→ o′.

Intuitively, since we now think about the local solution as being the partition Π, a drifter center
is not being used by the clustering, and we can reassign it so that it decreases the price of the
clustering.

That is, since moving from the local clustering of L to Π is relatively cheap, we can free c
from all its client in the local partition. Formally, the ransom of a center c, that is a drifter, is
ransom

(
c
)

=
∑

p∈cluster(L,c) δp. This is the price of reassigning all the points that are currently served
by the drifter c to some other center in L. Once this ransom is paid, c serves nobody, and can be
moved with no further charge.

More generally, the ransom of any center c ∈ L is

ransom
(
c
)

=
∑

p ∈ cluster(L,c) \Π[c]

δp.

This is the increase in cost of reassigning the points of cluster
(
L, c

)
when moving from the local

clustering of L to the clustering of Π.
Observe that, by Lemma 4.3.2, we have that

∑

c∈L

ransom
(
c
) ≤ 2

∥∥∥PCopt

∥∥∥
1
. (4.5)

For o ∈ Copt, the optimal price and local price of cluster
(
Copt, o

)
are

opt
(
o
)

=
∑

p ∈ cluster(Copt,o)
d
(
p,Copt

)
and local

(
o
)

=
∑

p ∈ cluster(Copt,o)
d(p, L) ,

respectively.
Now, if c ∈ L is a drifter, then we can swap it with any center in o ∈ Copt. Since L is a locally

optimal solution, we have that the change in the cost caused by the swap c→ o is

0 ≤ ∆(c, o) ≤ ransom
(
c
) − local

(
o
)

+ opt
(
o
)

=⇒ local
(
o
) ≤ ransom

(
c
)

+ opt
(
o
)
. (4.6)

Indeed, c pays its ransom so that all the clients using it are now assigned to some other centers
of L. Now, all the points of cluster

(
Copt, o

)
instead of paying local

(
o
)

are now paying (at most)
opt

(
o
)
.

Eq. (4.6) provides us with a glimmer of hope that we can bound the price of the local clustering.
We next argue that if there are many tyrants, then there must also be many drifters. In particular,
with these drifters we can bound the price of the local clustering cost of the optimal clusters as-
signed to tyrants. Also, we argue that an anchor and the optimal center mapped to it, defines a
natural swap which is relatively cheap. Putting all of these together would imply the desired claim.
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There are many drifters. Let S opt (resp. Aopt) be the set of all the centers of Copt that are assigned
to tyrants (resp. anchors) by nn(·, L). Observe that S opt ∪ Aopt = Copt. Let D be the set of drifters
in L.

Observe that every tyrant has at least two followers in Copt, k =
∣∣∣Copt

∣∣∣ = |L|, and #anchors =
∣∣∣Aopt

∣∣∣.
As such, we have that

∣∣∣Copt

∣∣∣ =
∣∣∣S opt

∣∣∣ +
∣∣∣Aopt

∣∣∣ = #tyrants + #anchors + #drifters = |L|
=⇒ #drifters =

∣∣∣S opt

∣∣∣ − #tyrants ≥
∣∣∣S opt

∣∣∣ /2, (4.7)

Namely, 2#drifters ≥
∣∣∣S opt

∣∣∣.

Lemma 4.3.3 We have that
∑

o∈S opt

local
(
o
) ≤ 2

∑

c∈D
ransom

(
c
)

+
∑

o∈S opt

opt
(
o
)
.

Proof : If
∣∣∣S opt

∣∣∣ = 0 then the statement holds trivially.
So, let c be the drifter with the lowest ransom

(
c
)
. For any o ∈ S opt, we have that local

(
o
) ≤

ransom
(
c
)

+ opt
(
o
)
, by Eq. (4.6). Summing over all such centers, we have that

∑

o∈S opt

local
(
o
) ≤

∣∣∣S opt

∣∣∣ ransom
(
c
)

+
∑

o∈S opt

opt
(
o
)
,

which is definitely smaller than the stated bound, since
∣∣∣S opt

∣∣∣ ≤ 2 |D|, by Eq. (4.7)p65.

Lemma 4.3.4 We have that
∑

o∈Aopt

local
(
o
) ≤

∑

o∈Aopt

ransom
(
nn

(
o, L

))
+

∑

o∈Aopt

opt
(
o
)
.

Proof : For a center o ∈ Aopt, its anchor is c = nn
(
o, L

)
. Consider the swap c→ o.

We claim that Eq. (4.6) still holds in this settings. Indeed, moving c to o first requires c to pay
its ransom since the points of cluster

(
L, c

)\cluster
(
Copt, o

)
needs to be reassigned. Now, the change

in price of the points of cluster
(
Copt, o

)
can now be bounded by −local

(
o
)

+ opt
(
o
)
, as above.

As such, summing up Eq. (4.6) over all the centers in Aopt implies the claim.

Lemma 4.3.5 Let L be the set of k centers computed by the local search algorithm. We have that
‖PL‖1 ≤ 5opt1(P, k).

Proof : From the above two lemmas, we have that

‖PL‖1 ≤
∑

o∈Copt

local
(
o
)

=
∑

o∈S opt

local
(
o
)

+
∑

o∈Aopt

local
(
o
)

≤ 2
∑

c∈D
ransom

(
c
)

+
∑

o∈S opt

opt
(
o
)

+
∑

o∈Aopt

ransom
(
nn

(
o, L

))
+

∑

o∈Aopt

opt
(
o
)

≤ 2
∑

c∈L

ransom
(
c
)

+
∑

o∈Copt

opt
(
o
) ≤ 4

∥∥∥PCopt

∥∥∥
1

+
∥∥∥PCopt

∥∥∥
1

= 5opt1(P, k) .

by Eq. (4.5).
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4.3.2.2 Removing the strict improvement assumption

In the above proof, we assumed that the current local minimum can not be improved by a swap.
Of course, this might not hold for the algorithm solution, since the algorithm allows a swap only if
it makes “significant” progress. In particular, Eq. (4.4) is in fact

∀c ∈ C, o ∈ P \ C − τ ‖PC‖1 ≤ ‖PC−c+o‖1 − ‖PC‖1 . (4.8)

To adapt the proof to use this modified inequalities, observe that the proof worked by adding up
k inequalities defined by Eq. (4.4) and showing that the right side is bounded by 5

∥∥∥PCopt

∥∥∥
1
−‖PC‖1.

Repeating the same argumentation on the modified inequalities, would yield

−τk ‖PC‖1 ≤ 5
∥∥∥PCopt

∥∥∥
1
− ‖PC‖1 .

This implies ‖PC‖1 ≤ 5opt1/(1 − τk). For arbitrary 0 < ε < 1, Setting τ = ε/2k we have that
‖PC‖1 ≤ 5(1 + εk)opt1, since 1/(1 − τk) ≤ 1 + 2τk = 1 + ε, for τ ≤ 1/2k. We summarize:

Theorem 4.3.6 Let P be a set of n points in a metric space. For 0 < ε < 1, one can compute a
(5 + ε)-approximation to the optimal k-median clustering of P. The running time of the algorithm
is O

(
n2k3 log n

ε

)
.

4.4 On k-means clustering

In the k-means clustering problem, a set P ⊆ X is provided together with a parameter k. We would
like to find a set of k points C ⊆ P, such that the sum of squared distances of all the points of P to
their closest point in C is minimized.

Formally, given a set of centers C, the k-center clustering price of clustering P by C is denoted
by

‖PC‖22 =
∑

p∈P
(d(p,C))2 ,

and the k-means problem is to find a set C of k points, such that ‖PC‖22 is minimized; namely,

ν
opt
2 (P, k) = min

C,|C|=k
‖PC‖22 .

Local search also works for k-means and yields a constant factor approximation, we leave the
proof of the following theorem to Exercise 4.6.4.

Theorem 4.4.1 Let P be a set of n points in a metric space. For 0 < ε < 1, one can compute a
(25 + ε)-approximation to the optimal k-means clustering of P. The running time of the algorithm
is O

(
n2k3 log n

ε

)
.
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4.5 Bibliographical Notes
In this chapter we introduced the problem of clustering and showed some algorithms that achieve
constant factor approximation. A lot more is known about these problems including faster and bet-
ter clustering algorithms but to discuss them we need more advanced tools than what we currently
have at hand.

Clustering is widely researched. Unfortunately, a large fraction of the work on this topic rely
on heuristics or experimental studies. The inherent problem seems to be the lack of a universal
definition of what is a good clustering. This depends on the application at hand, as is rarely clearly
defined. In particular, no clustering algorithm can achieve all desired properties together, see the
work by Kleinberg [Kle02] (although it is unclear if all these desired properties are indeed natural
or really desired).

k-center Clustering. The algorithm GreedyKCenter was described by Gonzalez [Gon85], but
it was probably known before, as the notion of r-packing is much older. The hardness of approxi-
mating k-center clustering was shown by Feder and Greene [FG88].

k-median/means clustering. The analysis of the local search algorithm is due to Arya et al.
[AGK+01]. Our presentation however follows the simpler proof of Gupta and Tangwongsan
[GT08]. The extension to k-means is due to Kanungo et al. [KMN+04]. The extension is not
completely trivial since the triangle inequality no longer holds. However, some approximate ver-
sion of the triangle inequality does hold. Instead of performing a single swap, one can decide to do
p swaps simultaneously. Thus, the running time deteriorates since there are more possibilities to
check. This improves the approximation constant for k-median (resp., k-means) to (3 + 2/p) (resp.
(3 + 2/p)2). Unfortunately, this is (essentially) tight in the worst case. See [AGK+01, KMN+04]
for details.

The k-median and k-mean clustering are more interesting in the Euclidean settings where there
is considerably more structure, and one can compute (1 + ε)-approximation in polynomial time for
fixed ε. We will return to this topic later.

Since k-median and k-means clustering can be easily be reduced to Dominating Set in a graph,
this implies that both clustering problems are NP-Hard to solve exactly.

One can compute a similar permutation to the greedy permutation (for k-center clustering) also
for k-median clustering. See the work by Mettu and Plaxton [MP03].

Handling Outliers. The problem of handling outliers is still not well understood. See the work
of Charikar et al. [CKMN01] for some relevant results. In particular, for k-center clustering
they get a constant factor approximation, and Exercise 4.6.3 is taken from there. For k-median
clustering they present a constant factor approximation using linear programming relaxation, that
also approximates the number of outliers. Recently, Chen [Che07] provided a constant factor
approximation algorithm by extending the work of Charikar et al.. The problem of finding a
simple algorithm with simple analysis for k-median clustering with outliers is still open, as Chen’s
work is quite involved.

Open Problem 4.5.1 Get a simple constant factor k-median clustering algorithm that runs in
polynomial time and uses exactly m outliers. Alternatively, solve this problem in the case where P
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is a set of n points in the plane. (The emphasize here is that the analysis of the algorithm should
be simple.)

Bi-criteria approximation. All clustering algorithms tend to become considerably easier if one
allows to trade-off in the number of clusters. In particular, one can compute a constant factor
approximation to the optimal k-median/means clustering using O(k) centers in O(nk) time. The
algorithm succeeds with constant probability. See the work by Indyk [Ind99] and Chen [Che06]
and references therein.

Facility Location. All the problems mentioned here fall into the family of facility location prob-
lems. There are numerous variants. The more specific facility location problem is a variant of
k-median clustering where the number of clusters is not specified, but instead one has to pay to
open a facility in a certain location. Local-search also works for this variant.

Local search. As mentioned above, local search also works for k-means clustering [AGK+01].
A collection of some basic problems for which local search works is described in the book by
Kleinberg and Tardos [KT06]. Local search is a widely used heuristic for attacking NP-Hard
problems. The idea is usually to start from a solution and try to locally improve it. Here, one
defines a neighborhood of the current solution, and one tries to move to the best solution in this
neighborhood. In this sense, local search can be thought of as a hill-climbing/EM (expectation
maximization) algorithm. Problem for which local search was used include Vertex Cover, Travel-
ing Salesperson and Satisfiability, and probably many more problems.

Provable cases where local search generates a guaranteed solution are less common and include
facility location, k-median clustering [AGK+01], k-means clustering [KMN+04], weighted max
cut, metric labeling problem with the truncated linear metric [GT00], and image segmentation
[BVZ01]. See [KT06] for more references and a nice discussion of the connection of local search
to the Metropolis algorithm and simulated annealing.

4.6 Exercises
Exercise 4.6.1 (Another algorithm for k-center clustering.) [5 Points]

Consider the algorithm that given a point set P, and a parameter k, initially picks an arbitrary
set C ⊆ P of k points. Next, it computes the closet pair of points c, f ∈ C, and the point s realizing
‖PC‖∞. If d(s,C) > dM

(
c, f

)
then the algorithm sets C← C − c + f and repeat this process till the

condition no longer holds.
(A) Prove that this algorithm outputs a k-center clustering of radius ≤ 2opt∞(P, k).
(B) What is the running time of this algorithm?
(C) If one is willing to trade-off the approximation quality of this algorithm, it can be made

faster. In particular, suggest a variant of this algorithm that in O(k) iterations computes O(1)-
approximation to the optimal k-center clustering..

Exercise 4.6.2 (Handling outliers.) [10 Points]
Given a point set P, we would like to perform k-median clustering of it, when we are allowed

to ignore m of the points. These m points are outliers which we would like to ignore since they
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represent irrelevant data. Unfortunately, we do not know the m outliers in advance. It is natural to
conjecture that one can perform a local search for the optimal solution. Here ones maintain a set
of k centers and a set of m outliers. At every point in time the algorithm moves one of the centers
or the outliers if it improves the solution.

Show that local-search does not work for this problem; namely, the approximation factor is not
a constant.

Exercise 4.6.3 (Handling outliers for k-center clustering.) [10 Points]
Given P, k and m, present an a polynomial time algorithm that computes a constant factor

approximation to the optimal k-center clustering of P with m outliers. (Hint: Assume first that you
know what is the radius of the optimal solution.)

Exercise 4.6.4 (Local search for k-means clustering.) [10 Points]
Prove Theorem 4.4.1.
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