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1 The Johnson-Lindenstrauss lemma

1.1 Some Probability

Definition 1.1 Let N(0, 1) denote the one dimensional normal distribution. This distribution has
density n(z) = e~*°/2/\/27.

Let N4(0,1) denote the d-dimensional Gaussian distribution, induced by picking each coordinate
independently from the standard normal distribution N(0, 1).

Let Exp(A) denote the exponential distribution, with parameter A. The density function of the
exponential distribution is f(z) = Aexp(—Ax).

Let I'y j, denote the gamma distribution, with parameters A and k. The density function of

this distribution is gy x(z) = )\% exp(—Az). The cumulative distribution function of T'y j, is

Lyi(z) =1 —exp(—Az) (1 + % I 10 L (()‘,fzkl;!l ) As we prove below, gamma distri-

7!

bution is how much time one has to wait till k£ experiments succeed, where an experiment duration
distributes according to the exponential distribution.

A random variable X has the Poisson distribution, with parameter n > 0 (which is a discrete
distribution) if Pr[X =i] = Ze .

kil

Lemma 1.2 If X ~ Exp()\) then E[\] = 1.

Proof: / T-Ae Mdp =|——e M — g ——
=0 A =0 A

Lemma 1.3 The following properties hold for the d dimensional Gaussian distribution N%(0,1):
(i) The distribution N%(0,1) is centrally symmetric around the origin.
(ii) If X ~ N%(0,1) and u is a unit vector, then X -u ~ N(0,1).

(iii) If X, Y ~ N(0,1) are two independent variables, then Z = X2 + Y? follows the exponential
distribution with parameter A = &
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(iv) Given k independent variables X1, ..., Xy distributed according to the exponential distribution
with parameter A\, then Y = X1+ -+ Xj is distributed according to the Gamma distribution
P)\,k(l’).



Proof: (i) Let x = (x1,...,24) be a point picked from the Gaussian distribution. The density
da(r) = ¢(x1)p(x2) - d(xq), where ¢(x;) is the normal distribution density function, which is
o(x;) = exp(—x2/2)/v/2r. Thus ¢q(z) = (2m) /2 exp(—(x?--- + 22)/2). Consider any two points
x,y € R", such that r =||z|| =||y|. Clearly, ¢q(x) = ¢4q(y). Namely, any two points of the same
distance from the origin, have the same density (i.e., “probability”). As such, the distribution
N%(0,1) is centrally symmetric around the origin.

(ii) Consider e; = (1,0,...,0) € R". Clearly, = - e; = x1, which is distributed N(0,1). Now,
by the symmetry of of N%(0,1), this implies that z - u is distributed N(0,1). Formally, let R be
a rotation matrix that maps u to e;. We know that Rz is distributed N¢(0,1) (since N%(0,1) is
centrally symmetric). Thus z-u has the same distribute as Rx - Ru, which has the same distribution
as x - e, which is N(0,1).

(iii) If X, Y ~ N(0,1), and consider the density function g(z,y) = %exp(—#) and the

| * _g(x,y)dxdy. We would like to change the integration variables

oo Jy=—o00
to z(r,a) = /rsina and y(r,«) = y/r cos a. The Jacobian of this change of variables is

associated integral [

9z Oz sina /i cos a 1
I(r,a) = ST ?f‘ — |2 . = —f(sin2a + cos? a) = __.
2 L 7020\8/79“‘ —/rsina 2 2
As such, we have
1 2 2
Pr[Z =2 = / exp(—x ty )dxdy
22 4y2=2 2 2
27 2 2
1
a=0 27 2

1 1 / 2 ( z) 1 < Z)
= — - expl—=) = —exp(—=).
or 2 ), P\T2) T 2P T2
As such, Z has an exponential distribution with A = 1/2.

(iv) For k =1 the claim is trivial. Otherwise, let gx_1(x) = )\% exp(—Az). Observe that

¢ ¢ _ ))k-2
gr(t) = /ng_l(t—:z)gl(x)d:c:/o ()\%exp(—)\(t—a:))>(/\exp(—)\x)) dx
¢ _))k2
/0 )\QM exp(—At) dz

t T k—2
_ )\exp(—)\t)/o AEQ 2 35740 = Aexp(=M) 2 = i), .

1.2 Proof of the Johnson-Lindenstrauss Lemma

Lemma 1.4 Let u be a unit vector in R%. For any even positive integer k, let Uy, ..., Uy be
random vectors chosen independently from the d-dimensional Gaussian distribution N¢(0,1). For
X; = u- U, define W = W(u) = (X1,...,Xy) and L = L(u) = ||W|*>. Then, for any 3 > 1, we
have:



3. Pr[L < k/p] < O(k) x exp(=5(87" = (1 = In f))).

Proof: By Lemma (ii) each X; is distributed as N(0,1), and X1,..., X} are independent.
Define Y; = X2, | + X2Z, fori = 1,...,7, where 7 = k/2. By Lemma (iii) Y; follows the
exponential distribution with parameter A = 1/2. Let L = |, ¥;. By Lemmal/l.3(iv), the variable
L follows the Gamma distribution (k/2,1/2), and its expectation is E[L] = ij ElY]]=7x2=k,
since E[Y;] = 2 by Lemma

Now, let n = A\Bk = ﬂkz/Q = (7, we have

T—1 i
Pr[L > k] = 1 — Pr[L < Bk = 1 — T . (Bk) = Z;MZ < (r+1)e

sincen =p7>7,as f>1and 'y x(z) =1 —exp(— )\x)( 1, + 4
since 7! > (7/e)”, and thus

_"T:?/TeT =(r+1)e™" (?)T =(r+ 1)€_BT <e€7>
= (r+ 1)€7BT -exp(tIn(ef)) = (1 + 1) exp(—7(8 — (1 + Inf)))

< Texp(—k(ﬂ—(lﬂnﬂ)))-

Pr(L > Bk < (r+1)e
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Arguing in a similar fashion, we have, for a large constant p > 1

7—1

T—1 i
Pr(L < k/f] = F1/2,T(k/ﬂ)—1—ze*7/5(7—/ﬁ ,T/ﬁz T/ﬂ -y e
i=0 ’

Z _7/5(7/5 < _T/az( )

=T

pet /B i o0 i
7y s er
o Z<iﬂ>+ 2 <w>

=T i=pet/B+1

The second sum is very small for p > 1 and we bound only the first one. As the sequence (%) is

decreasing for i > 7/, we can bound the first sum by

% R <;> = O(r) exp(—7(8~} — (1 —n ).

Since 7 = k/2, we obtain the desired result. |

Next, we show how to interpret the above inequalities in a somewhat more intuitive way. Let
B =14¢, &> 0. From Taylor expansion we know that In 3 < & —£2/2 4+ ¢3/3. By plugging it into
the upper bound for Pr[L > k] we get

Pr[L > Bk] < O(k) x exp(—l;(l +e—1—e+e%/2— 53/3)>

< O(k) x exp(— 2 (/2 —<*/3))



On the other hand, we also know that In 3 > & — €2/2. Therefore

Prll <h/6] < O(K) x exp(~ (3~ 142 —/2)
< O(k) x exp(—’;(11+(€ S 14e—e2)2))
kg 2
< O(k) x exp(—§(1 s —e7/2))
2 _ 3
< O) % exp(—5 - )

Thus, the probability that a given unit vector gets distorted by more than (1 4 ¢) in any
directionﬂ grows roughly as exp(—ke?/4), for small € > 0. Therefore, if we are given a set P of n
points in Iy, we can set k to roughly 81In(n)/e? and make sure that with non-zero probability we
obtain projection which does not distort distancesﬂ between any two different points from P by
more than (14 ¢) in each direction.

Theorem 1.5 Given a set P of n points in R?, and parameter €, one can compute a random
projection R into k = 8¢~ ?Inn dimensions, such that the distances between points are roughtly
preserved. Formally, with constant probablity, for any p,q € P, we have

(1=9)llp —qll <I[R(p) — Rl <llp —qll -

The probability of success improves to high probability, if we use, say, k = 10e~2Inn dimensions.

2 Bibliographical notes

The probability review of Section can be found in Feller [Fel71]. The proof of the Johnson-
Lindenstrauss lemma of Section is due to Indyk and Motwani [IM98]. The original proof of the
Johnson-Linenstrauss lemma is from [JL84].

It exposes the fact that the Johnson-Lindenstrauss lemma is no more than yet another instance
of the concentration of mass phenomena (i.e., like the Chernoff inequality).

Interestingly, it is enough to pick each entry in the dimension reducing matrix randomly out
of —1,0, 1. This requires more involved proof [AchOI]. This is useful when one care about storing
this dimension reduction transformation efficiently.

Magen [Mag01] observed that in fact the Johnson-Lindenstrauss lemma preserves angles, and
in fact can be used to preserve any “k dimensional angle”, by projecting down to dimension
O(ke~2logn). In particular, Exercise is taken from there.

Dimension reduction is crucial in learning, Al, databases, etc. One common technique that is
being used in practice is to do PCA (i.e., principal component analysis) and take the first few main
axises. Other techniques include independent component analysis, and MDS (multidimensional
scaling). MDS tries to embed points from high dimensions into low dimension (d = 2 or 3),
which preserving some properties. Theoretically, dimension reduction into really low dimensions is
hopeless, as the distortion in the worst case is Q(n'/(*=1)_if k is the target dimension [Mat90)].

UNote that this implies distortion (1 + ¢)? if we require the mapping to be a contraction.
UIn fact, this statement holds even for the square of the distances.



3 Exercises

Exercise 3.1 [10 Points| Show that the Johnson-Lindenstrauss lemma also (1 & ¢)-preserves
angles among triples of points of P (you might need to increase the target dimension however by
a constant factor). [Hint: For every angle, construct a equilateral triangle that its edges are being
preserved by the projection (add the vertices of those triangles [conceptually] to the point set being
embedded). Argue, that this implies that the angle is being preserved.]
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